We present an analysis of the instabilities engendered by van der Waals forces in bilayer systems composed of a soft elastic film ͑Ͻ10 m͒ and a thin ͑Ͻ100 nm͒ viscous liquid film. We consider two configurations of such systems: ͑a͒ Confined bilayers, where the bilayer is sandwiched between two rigid substrates, and ͑b͒ free bilayers, where the viscous film is sandwiched between a rigid substrate and the elastic film. Linear stability analysis shows that the time and length scales of the instabilities can be tuned over a very wide range by changing the film thickness and the material properties such as shear modulus, surface tension, and viscosity. In particular, very short wavelengths comparable to the film thickness can be obtained in bilayers, which is in contrast to the instability wavelengths in single viscous and elastic films. It is also shown that the instabilities at the interfaces of the free bilayers are initiated via an in-phase "bending" mode rather than out-of-phase "squeezing" mode. The amplitudes of deformations at both the elastic-air and elastic-viscous interfaces become more similar as the elastic film thickness decreases and its modulus increases. These findings may have potential applications in the self-organized patterning of soft materials.
I. INTRODUCTION
Instabilities of thin ͑Ͻ100 nm͒ polymer films has attracted much attention [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] because of their presence in various products and processes ranging from coatings, adhesives, flotation, and biological membranes to a host of areas in nanotechnology. In addition to the technological motivation, thin liquid films also serve as model mesoscale systems for the study of several fundamental scientific issues such as intermolecular forces, self-organization, confinement and finite-size effects, mesoscale dewetting, multilayer adsorption, and phase transitions. Therefore, much theoretical and experimental efforts have been devoted to understand the instability, dynamics, and final morphologies of thin films by various intermolecular forces, most notably the long-range van der Waals force. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] Recent experiments [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] on the stability of thin polymer bilayers have shown richer varieties of instabilities and dewetting pathways that are of potential use in mesoscale patterning of polymers for optoelectronic devices, microelectromechanical systems, and sensor applications. Experiments [22] [23] [24] [25] [26] [27] show that when a solid film is bonded to a thick compliant substrate, which in turn bonded to a rigid substrate, the interfaces wrinkle into patterns such as labyrinths, stripes, and herringbones. Polymer bilayers are also a simple hydrodynamic model for the adhesion of a biological membrane 28, 29 to a solid in the presence of a surrounding liquid.
From the fundamental standpoint, the instabilities in a thin bilayer have complex and interesting physics because it involves the dynamics of two coupled deformable interfaces.
The presence of multiple and confined deformable interfaces in these bilayers can lead to two distinct initial modes 30, 31 of deformations-in-phase bending and out-of-phase squeezing. Several recent studies have uncovered the different aspects of the long-wave instabilities in thin viscous bilayers [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] engendered by intermolecular forces. There are also several theoretical studies of periodic wrinkles [24] [25] [26] [27] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] at the interfaces of the prestressed layered composites. However, the focus of all these studies is restricted to the larger thickness of the substrate-bonded films ͑Ͼ100 nm͒ where the intermolecular interactions are subdominant.
Recently, Martin 52 et al. have shown that the instabilities in the ultrathin substrate-bonded viscous films resting under a thick rubber layer are engendered by the van der Waals forces. Hosoi and Mahadevan 53 have presented a long-wave nonlinear analysis of a thin viscous layer with an elastic surface to explore the different motions, for example, peeling, healing, levitating, and bursting of a thin elastic sheet under the influence of the van der Waals forces present only in the viscous film. Kumar et al. have presented detailed long-wave linear 54 and nonlinear 55 analyses on the van der Waals force induced instabilities of a viscous film ͑a͒ resting on a substrate-bonded viscoelastic film and ͑b͒ sandwiched between a viscoelastic film and a solid substrate.
In this study, we discuss two different types of composite bilayers, as shown in Fig. 1 . Figure 1͑a͒ shows a confined bilayer where a substrate-bonded elastic film interacts with a rigid contactor in a purely viscous medium. This configuration is relevant for the understanding of contact instabilities in adhesion-a problem which has been studied when adhesion occurs in air. [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] In the present system, the adhesion occurs in a viscous liquid, which may influence the length and time scales of instability in soft adhesion. Previous theoretical and experimental studies [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] revealed that the contact instability at the surface of an elastic film under the influence of an approaching contactor arises because of the interplay between the destabilizing intersurface adhesive interaction and the restoring elastic force of the film. The analyses 61, 62, 64 showed that when an elastic film is thick ͑Ͼ1.0 m͒, the length scale of this instability is independent of all the material properties and linearly proportional to the elastic film thickness ͑ = nH, where n ϳ 3͒. However, the proportionality factor n increases for the submicron thinner 64 films ͑Ͻ1.0 m͒ because of the increasing influence of the surface tension force. The length scale of instability also increases compared to the case when the surface tension effects are ignored. 64 In this study, we show that the presence of the intercalated viscous film in the layered system ͓Fig. 1͑a͔͒ reduces the stabilizing effect of the surface tension force at the elastic-viscous interface and the length scale of instability can, thus, be reduced considerably for the systems with thinner elastic films. In addition, we propose a strategy for the miniaturization of the instability patterns using a bilayer. This can be achieved by initiating the instability from a configuration where the destabilizing forces are already much stronger than the stabilizing forces from the beginning. The length scale of instability in such systems is a function of the intermolecular interaction and the material properties of the films. Our analysis shows that the length scale significantly reduces when the intermolecular forces are strong and restoring elastic and capillary forces are weaker, which opens up the possibility of further miniaturization of the selforganized patterns exploiting contact instabilities in these layered systems. Figure 1͑b͒ shows the schematic diagram of a free bilayer where an elastic film floats on a substrate-bonded thin viscous ͑Newtonian͒ layer. In this study, we consider the most general analysis of a viscous-elastic bilayer where both films may be thin and the instabilities are not restricted to the long waves. In particular, our analysis emphasizes the following aspects. ͑A͒ While the previous studies 25, 26, [52] [53] [54] [55] incorporated van der Waals interactions only within the viscous film, we consider intermolecular interactions in both layers to study the cases where both the films are thin ͑Ͻ100 nm͒ and the dynamics of the twin interfaces is strongly coupled. ͑B͒ We also extend the long-wave analysis of Martin 52 et al., Hosoi and Mahadevan, 53 and Kumar and co-workers 54, 55 to a generalized formulation of the instability that includes not just the long waves but also the short waves. Indeed, we show that the instability in many cases has a short wavelength comparable to the film thickness. ͑C͒ In addition to the most studied case of a free bilayer-an elastic film on a viscous film which, in turn, rests on a rigid substrate, we also consider the case of a confined bilayer where an elastic film bonded to a rigid substrate interacts with another rigid surface in a viscous medium. This geometry is a model of adhesion of a soft elastic film to another surface in a liquid medium.
In what follows, we focus on the instabilities that are engendered by the van der Waals forces in the two different elastic-viscous composite bilayers shown in Fig. 1 . Starting with the equations of motion for the elastic and viscous layers, we carry out a linear stability analysis ͑LSA͒ and demonstrate the effect of the intermolecular interactions, the shear modulus of the elastic film, and the thicknesses of the films on the time and the length scale of instability.
II. PROBLEM FORMULATION
In this section, we first discuss the formulation for the free bilayer. The formulation for the confined bilayer is obtained by changing the boundary conditions at the elastic-air interface. In this study, we assume that the upper and the lower layers to be incompressible elastic solid and Newtonian incompressible liquid, respectively.
The coordinates parallel and normal to the substrate surface are denoted by x and z, respectively, and t represents time. We follow the convention where the subscript and superscript i = 1 denote viscous layer and i = 2 denotes elastic layer, s denotes the rigid substrate, and superscripts x and z denote variables corresponding to the respective coordinates. Thus, for the layer i, u x ͑i͒ and u z ͑i͒ are the x and z components of displacement, respectively, v x ͑i͒ and v z ͑i͒ are the x and z components of velocity, respectively, p i is the pressure, and P i ͑=p i − i ͒ is the total ͑nonbody force͒ pressure. Here, i represents the disjoining pressures arising from the excess body force because of the intermolecular interactions ͑van der Waals forces͒ at the elastic-viscous ͑i =1͒ and elastic-air ͑i =2͒ interfaces, respectively. The viscosity of the liquid layer and the shear modulus of the elastic layer are denoted by 1 
A. Governing equations
Since the dimensions are small, inertia is neglected for the liquid film. In the absence of inertia, the following twodimensional equations of motion and the continuity equation describe the dynamics of the viscous layer:
FIG. 1. Schematic diagrams of ͑a͒ confined bilayer-a substrate-bonded elastic film interacting with a contactor in a viscous medium and ͑b͒ free bilayer-an elastic film is resting on a viscous film, which in turn resting on a rigid substrate. The dotted line and the solid line at the elastic-air interface show bending and squeezing mode of deformations, respectively, with respect to the solid line at the elastic-viscous interface. In both diagrams, the mean thickness and the local thickness of the viscous layer are h 10 and h 1 ͑x , t͒, respectively. The mean and local composite thicknesses are h 20 and h 2 ͑x , t͒, respectively. ␥ 1 , ␥ 2 , and ␥ s are the surface tensions of lower layer, upper layer, and the substrate respectively, G 2 is the shear modulus of the elastic film and 1 is the viscosity of the viscous film. − ‫ץ‬P 1 ‫ץ‬x
The equation of motion 67 without the body force and inertia for the elastic solid is ٌ · = 0, where
Here, K 2 is the bulk modulus, I denotes identity matrix, and superscript T denotes transpose. For an incompressible solid film ͑K 2 → ϱ and ٌ · u =0͒, the stress tensor reduces to the form =−P 2 I + G 2 ٌ͑u + ٌu T ͒, where the product K 2 ٌ · u is replaced by a mechanicalpressure-like variable −P 2 in the elastic solid, 67 and the momentum equation is supplemented by an explicit incompressibility condition ٌ · u = 0. Therefore, the following twodimensional equations of motion and the condition for incompressibility describe the deformation in the elastic film:
The equations of motion used for the elastic film in this study are, thus, similar to the formalism used in the related works of Sarkar et al. 61, 62 and Kumar and co-workers.
54,55

B. Boundary conditions
We assume that the viscous film is perfectly bonded to the rigid substrate and, therefore, at z = 0, the no slip and the impermeability boundary conditions are applied,
At z = h 1 , the continuity of x and z components of velocities, normal stress balance, shear stress balance, and the kinematic condition are applied as the boundary conditions, At z = h 2 , the normal and shear stress balances and the kinematic condition are applied as boundary conditions,
Here, 1 and 2 are the van der Waals disjoining pressures ͑negative of conjoining pressures͒ at the two interfaces, given by 1-6,31
Equations ͑16͒ and ͑17͒ are derived from the simplest potential that can describe a bilayer system,
where 1 = ‫⌬−͑ץ‬G͒ / ‫ץ‬h 1 and 2 = ‫⌬−͑ץ‬G͒ / ‫ץ‬h 3 . Potentials in Eqs. ͑16͒-͑18͒ are written in terms of effective Hamaker constants ͑A i ͒ which, in turn, are derived from the binary Hamaker constants ͑A ij ͒,
The binary Hamaker constants ͑A ij ͒ are of the materials denoted by their subscripts ͑s, 1, and 2͒. The indices of effective Hamaker ͑A i ͒ constants, however, do not follow this convention. A positive effective Hamaker constant for a single layer implies an attractive force leading to spinodal instability and its negative value corresponds to thermodynamic stability.
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III. LINEAR STABILITY
A. General dispersion relation
In this section, we first carry out the LSA and derive the dispersion relation for the free bilayer. The following two assumptions hold good under the limit of linear theory: ͑i͒ The kinematics of deformation of the elastic film is treated using a small-deformation formulation and ͑ii͒ the disjoining pressures are expanded in Taylor series about the base state and terms up to first order are retained, 1 
Here, 1 and 2 are, respectively, the infinitesimal perturbations at the elastic-viscous and elastic-air interfaces. Equations ͑1͒-͑6͒ are linearized using normal modes x
P j = P j e t+ikx , and h j = h j0 + i e t+ikx , where j = 1 and 2. The
, P j , and j are functions of z only, and k represent the linear growth coefficient and the wave number of disturbance, respectively, and i = ͱ −1,
Eliminating P 1 and P 2 from the linearized governing equations ͓͑19͒-͑24͔͒ results in the following biharmonic equations for the variables ṽ z ͑1͒ and ũ z ͑2͒ :
The general solutions of Eqs. ͑25͒ and ͑26͒ are as follows:
where the coefficients A i and B i ͑i =1-4͒ are constants. The boundary conditions ͓͑7͒-͑15͔͒ are linearized in the following manner: At z =0,
.
͑33͒
At z = h 2 ,
The general solutions for ṽ z ͑1͒ and ũ z ͑2͒ ͓Eqs. ͑27͒ and ͑28͔͒
are used to obtain the expressions for all the remaining unknown linearized variables ṽ x ͑1͒ , ũ x ͑2͒ , P 1 , and P 2 . Replacing the expressions of these variables ͑ṽ z ͑1͒ , ũ z ͑2͒ , ṽ x ͑1͒ , ũ x ͑2͒ , P 1 , and P 2 ͒ in the boundary conditions ͓͑29͒-͑36͔͒ lead to a set of eight homogeneous linear algebraic equations involving eight unknown constants A i and B i ͑i =1-4͒. By equating the determinant of the coefficient matrix of these linear equations to 0, we get the general dispersion relation for the free bilayers shown in the Appendix ͓Eq. ͑A1͔͒. The operations in this derivation were also verified with the help of the symbolic package MATHEMATICA™. The solution of the dispersion relation leads to an analytical expression for the growth coefficient of the instability as a function of the wave number ͓ = f͑k͔͒. The necessary condition for the instability is Re͕͖ Ͼ 0. The dominant growth coefficient ͑ m ͒ and the corresponding wavelength ͑ m ͒ of instability are obtained by finding the global maxima of and the corresponding wavelength, respectively, from the dispersion relation. The dispersion relation for the confined bilayer ͓Fig. 1͑a͔͒ is also shown in the Appendix ͓Eq. ͑A2͔͒. This is obtained by replacing the normal and tangential stress balances ͓Eqs. ͑34͒ and ͑35͔͒ at the elastic-air interface ͑z = h 2 ͒ by the rigid and impermeable boundary condition, ũ x ͑2͒ = ũ z ͑2͒ = 0, and then carrying out the similar operations as it was done for the free bilayer.
As a limiting case, we have verified that the general dispersion relation ͓Eq. ͑A1͒ in the Appendix͔ reduces to the dispersion relation of a single dewetting liquid film resting on a rigid substrate, when h 3 → 0. 10 In addition, the dispersion relation for the confined bilayer ͓Eq. ͑A2͒ in the Appendix͔ reduces to the dispersion relation of the soft elastic film rigidly bonded to the substrate and interacting with a contactor in air in the limit of 1 → 0.
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B. Relative deformations at the interfaces of the free bilayers
The modes ͑squeezing or bending͒ and the subsequent relative interfacial deformations at the interfaces for the free bilayer ͓Fig. 1͑b͔͒ can also be predicted from the LSA. Initially, we assume an infinitesimal deformation 2 = f͑z͒ at the elastic-air interface in the z direction. It can be expressed in terms of the linear displacement at z = h 2 in the following manner:
In response to this, the linearized x and z components of infinitesimal displacement at the elastic-viscous interface ͑z = h 1 ͒ are assumed as 3 = f͑z͒ and 1 = f͑z͒, respectively, and can be expressed in the following forms:
By using the boundary condition shown in Eq. ͑30͒, the linearized z and x components of the velocities at z = h 1 for the viscous film can be written as follows:
The general solutions for ṽ z ͑1͒ and ũ z ͑2͒ are already shown in the Eqs. ͑27͒ and ͑28͒. The coefficients A i and B i ͑i =1-4͒ of those linear equations are evaluated using the following boundary conditions: ͑i͒ At z = 0; the no slip and the impermeability ͓Eq. ͑29͔͒, ͑ii͒ at z = h 1 and h 2 , the five boundary conditions mentioned in Eqs. ͑37͒-͑39͒, and ͑iii͒ at z = h 2 , tangential stress balance ͓Eq. ͑35͔͒. 4 are known. The expressions for maximum linear growth coefficient ͑ m ͒ and the corresponding wave number ͑k m ͒ can be obtained from the general dispersion relation ͓Eq. ͑A1͒ in the Appendix͔ and is replaced for and k in the expressions for A i and B i ͑i =1-4͒, respectively. Therefore, the expressions for the coefficients A i and B i ͑i =1-4͒ now become f͑ 1 , 2 , 3 ͒ only. Thereafter, the following three unused boundary conditions are expressed as f͑ 1 , 2 , 3 ͒ using the expressions for A i and B i ͑i =1-4͒: ͑i͒ Normal stress balance at the elastic-viscous interface ͓Eq. ͑31͔͒, ͑ii͒ tangential stress balance at the elastic-viscous interface ͓Eq. ͑32͔͒, and ͑iii͒ normal stress balance at the elastic-air interface ͓Eq. ͑34͔͒. We cannot obtain explicit expressions for 1 , 2 , and 3 from the above three boundary conditions because the resulting equations are homogeneous in nature. Therefore, any two of the abovementioned three boundary conditions can be used to evaluate the expressions for 2 / 3 and 1 / 3 . The ratios 2 / 3 and
IV. RESULTS AND DISCUSSIONS
In what follows, we first discuss the LSA results obtained for the confined bilayer ͓Fig. 1͑a͔͒ followed by the results for the free bilayer ͓Fig. 1͑b͔͒.
A. Confined bilayers: Instabilities of deforming elastic-viscous interface
In a confined bilayer, the interaction and adhesion of the soft elastic film with the rigid contactor take place in a viscous medium under the influence of an attractive intersurface force. The capillary forces at the elastic-viscous interface and the restoring elastic forces in the elastic film impede the onset of instability. Elastic films with higher shear modulus ͑G 2 ͒ and lower thickness ͑h 30 ͒ are less susceptible to deformation and are, hence, more stable. We define the ratio G 2 / h 30 as the measure of the compliancy of the elastic film. The instabilities in these layered systems can be initiated in two different ways, which we term as "mode I" and "mode II," as discussed below.
Mode I: Definition and characteristics of the instabilities
To initiate the instabilities in this mode, a rigid contactor is gradually brought closer toward the free surface of the substrate-bonded elastic film, which is immersed in a pool of viscous liquid. At a threshold separation distance between the contactor and the elastic-viscous interface, where the intersurface attractive force marginally overcomes the restoring elastic and surface tension forces, the surface roughening at the elastic-viscous interface takes place. The following condition for the balance of the forces can be obtained by imposing the neutral stability condition ͑ =0͒ to the dispersion relation ͓Eq. ͑A2͒ in the Appendix͔: 
͑40͒
Interestingly, the expression shown in Eq. ͑40͒ exactly matches with the dispersion relation obtained for a substratebonded soft elastic film interacting with an approaching contactor in air. 64 This indicates that the presence of the viscous liquid has no role in the condition for the initiation of the instability. This result can be anticipated on the physical ground because the viscosity being a transport property does not affect the purely thermodynamic considerations at the neutral stability, where the instability growth is vanishingly small.
Equation ͑40͒ reduces to the following compact form using the nondimensional parameters ⌽ = h 30 / G 2 , K = kh 30 , and ␥ = ␥ 21 / G 2 h 30 :
2K . ͑41͒ Figure 2͑a͒ shows a bifurcation diagram ͓⌽ vs K plots from Eq. ͑41͔͒ in which the bifurcation point ͑corresponding to ⌽ c and K c ͒ corresponds to the critical condition or the critical attractive force for the onset of instability. Under this condition, the destabilizing and stabilizing forces exactly balance each other and an infinitesimal increase in the destabilizing intermolecular force from this value, for example, by moving the contactor closer toward the elastic-viscous interface, creates surface inhomogeneities at the elastic-viscous interface with a lateral length scale of ⌳ c ͑= c / h 30 ͒ corresponding to the critical wave number K c ͑=2 / ⌳ c ͒. Figure 2͑b͒ shows the variation of ⌳ c with h 30 . All the curves in Fig. 2͑b͒ show that when the elastic film is relatively thick ͑high h 30 ͒, the wavelength scaling is ⌳ c ϳ 3. Further, it is independent of the shear modulus of the elastic film and the surface tension. However, for low h 30 , increasing influence of the elasticviscous interfacial tension ͑␥ 21 ͒ shifts the length scale of instability to the longer wavelength regime. 64 In practice, the presence of viscous film reduces ␥ 21 by an order of magnitude at elastic-viscous interface in the confined bilayer as compared to the systems where the viscous film is absent. Figure 2͑b͒ shows that smaller ␥ 21 at the elastic-viscous interface in a composite bilayer leads to smaller length scales at low h 30 ͑curve 1 or 3͒ as compared to the system where ␥ 21 is large ͑curve 2 or 4͒. For example, a layered system with a 100 nm elastic film ͑shear modulus of 10 5 Pa͒ and a 5 nm viscous film shows a length scale of ϳ7h 30 when the interfacial tension is 0.045 N / m. This length scale reduces to ϳ4h 30 when the interfacial tension is lowered to 0.005 N / m.
Mode II: Definition and characteristics of the instabilities
In this mode, we envisage an experiment where a thin polymer film below its glass transition temperature ͑T g ͒ is initially coated on a substrate-bonded soft elastic film and a contactor is placed on the polymer film. The polymer film thickness is considered to be in the regime where the bilayer is unstable. The lower thickness of the coated polymer film ensures that the intermolecular forces remain much stronger than the combined restoring forces arising from the elastic and surface tension forces in the initial configuration. Once the polymer layer is heated above the T g , the thin polymer film melts and surface roughening at the elastic-viscous interface can take place. In this unstable system, the length scale of instability corresponds to the dominant wavelength ͑ m ͒ associated with the maximum of the growth coefficient ͑ m ͒. Figure 3 shows the LSA results for this system when the relative film thicknesses are varied. Bilayers with relatively thin elastic layer ͑low H r ͒ are more stable ͑lower m ͒ because the thinner elastic films are less compliant and, hence, less deformable ͓Figs. 3͑a͒ and 3͑b͔͒. With progressive increase in h 30 ͑increasing H r ͒, the increase in compliance of the elastic films leads to the increase in m ͓Fig. 3͑b͔͒. The dimensionless number d = G 2 / h 30 =1/ ⌽ can quantify the effect of compliancy on the instability. For the curves shown in Fig. 3͑b͒, d is high at smaller h 30 increase in h 30 that plays no further role in destabilizing the system. Figure 3͑c͒ shows that the dominant length scale of instability m is almost independent of the change in h 30 . Figures 3͑d͒-3͑f͒ show that m and m changes very sharply with the change in h 10 . Reduction in h 10 increases the strength of the intermolecular interaction and makes the system more unstable which is reflected in the increases in m ͓Fig. 3͑e͔͒ and reduction in m ͓Fig. 3͑f͔͒. In Fig. 4 , the sensitivity of the normalized length scale ͑⌳ m = m / h 30 ͒ of the instability on different parameters such as intermolecular force, G 2 , h 10 , and h 30 is shown. This figure shows that ⌳ m can be markedly reduced by ͑i͒ increasing h 30 ͓Fig. 4͑a͔͒ and reduction in G 2 ͓Fig. 4͑c͔͒ and ͑ii͒ strengthening the intermolecular interaction by decreasing h 10 ͓Fig. 4͑b͔͒ and increasing A 1 ͓Fig. 4͑d͔͒. A thicker elastic film is more deformable because it is more compliant and the surface tension forces no longer acts as a stabilizing influence. In addition, elastic films with lower shear modulus have less elastic resistance toward deformation. Therefore, when the intermolecular forces are very strong, bilayers with thick elastic films and low shear modulus show a smaller length scale of instability. For example, a system with elastic film thickness of 1 m and shear modulus of 10 6 Pa shows a length scale of 3h 30 when the viscous film is 7 nm thin, whereas the wavelength decreases to ϳh 30 upon reduction of the viscous film thickness to 5 nm. It is interesting to recall here that the length scale of instability on a substrate-bonded elastic film deforming under the influence of a contactor [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] in air is independent of the interaction and material properties of the film and show ⌳ m ϳ 3. In contrast, Fig. 4 clearly shows that much smaller length scales can be achieved for confined bilayers by increasing the strength of the destabilizing forces and reducing the strength of the restoring forces. This opens up the possibility of miniaturization of patterns using confined bilayers, which is not possible in purely viscous or elastic single layers.
B. Free bilayers: Instabilities of elastic-air and elastic-viscous interfaces
The dispersion relation ͓Eq. ͑A1͒ in the Appendix͔ for the free bilayers can be reduced to the following necessary condition for instability in three steps: ͑i͒ By expanding it in a power series in k, ͑ii͒ retaining all lower order k terms, and ͑iii͒ applying the neutral stability condition ͑ =0͒,
shows that the capillary forces at the interfaces impede the onset of instability. Neglecting the capillary forces in Eq. ͑42͒ by setting k = 0 and then substituting for the intermolecular forces from Eqs. ͑16͒ and ͑17͒ leads to the following simplified form of the necessary condition for instability:
suggests that ͑i͒ elastic forces in the solid layer resist the onset of instability, ͑ii͒ the attractive ͑A 1 , A 2 , and A 3 Ͼ 0͒ intermolecular forces has destabilizing influence, and ͑iii͒ repulsive ͑A 1 , A 2 , and A 3 Ͻ 0͒ intermolecular forces stabilize the system. For ease of analysis in the following sections, the total free energy of bilayers ͓Eq. ͑18͔͒ is split in the following manner: 3 2 , and ⌬G = ͚ i=1 3 ⌬g i . Negative and positive free energy indicate the presence of an attractive and repulsive intermolecular forces, respectively. The forces are stronger when the film thicknesses are small. In general, the larger denominator ͑h 2 is always Ͼh 1 and h 3 ͒ in the expression of ⌬g 2 always makes the corresponding force less significant compared to the forces because of ⌬g 1 and ⌬g 3 .
In practice, the free bilayers can be prepared by coating a very thin polymer film ͑below its T g ͒ on a rigid substrate and then coating an elastic film on the polymer film. Thereafter, when this layered system is heated above the T g of the polymer film, the polymer film melts and instabilities at the elastic-viscous and elastic-air interfaces can be observed. Unlike the confined bilayer where Ͻ 0 in the limit of k → 0 ͓Fig. 3͑a͔͒, this instability persists even in the longwave regime ͑k → 0͒ because of deformable nature of the elastic-air interface. However, there exists a dominant mode associated with m at finite k͑=k m ͒ and the instability grows following the length scale m corresponding to m . In what follows, free bilayers are classified based on the nature of the destabilizing intermolecular forces present. We then discuss the roles of shear modulus of the elastic film, interfacial tensions, and film thicknesses on ͑i͒ the time and length scales of instability and ͑ii͒ the modes ͑squeezing or bending͒ of deformations and its amplitudes. We show that the length scale of instability for free bilayers is a function of the intermolecular interaction and material properties. In addition, we present a comparison between the length scales of instabilities that can be achieved from this configuration and the previously studied systems. In this case, the intermolecular forces because of ⌬g 3 ͑A 3 Ͼ 0͒ and ⌬g 1 ͑A 1 Ͼ 0͒ are attractive in nature and they compete each other to promote instability in the elastic and the viscous films, respectively. Figure 5 summarizes the LSA results for this case. In this discussion, we will find it useful to classify the elastic layer as soft when G 2 Ͻ 10 6 Pa and hard when G 2 Ͼ 10 6 Pa. In practice, polymer gels, biological membranes, etc., can be termed as soft elastic films because the typical shear moduli of these materials are in the range of kilopascals. Figures 5͑a͒ and 5͑b͒ show that, when h 30 is kept constant and h 10 is varied, free bilayers with soft ͑curve 1͒ and hard ͑curve 2͒ elastic films show similar m vs H r and m vs H r plots. The free bilayers with relatively thin viscous films ͑high H r ͒ are more unstable because of the strong destabilizing influence arising from ⌬g 1 that can easily deform the more compliant elastic film ͑high m ͒. Progressive increase in h 10 ͑reduction in H r ͒ reduces the strength of the attractive force because of ⌬g 1 and, hence, the system shows a lesser degree of instability ͑low m ͒. The comparison between curves 1 and 2 shows that, at high H r , when the elastic film is relatively thick, the bilayers with more compliant elastic films ͑low G 2 and high H r ͒ are more unstable ͑higher m ͒. It is interesting to note here that the increase in the strength of destabilizing intermolecular force because of ⌬g 1 by decreasing h 10 leads to the reduction in m ͓curves 1 and 2 in Fig. 5͑b͔͒ and this decay is much sharper when G 2 is small and h 30 is high ͓curve 1 in Fig. 5͑b͔͒ . Therefore, as it was observed in the case of confined bilayers, m of the free bilayers is a function of the intermolecular forces and material properties. Figures 5͑c͒ and 5͑d͒ show that, when the elastic film is soft and thin ͑low H r ͒, the strong intermolecular force because of ⌬g 3 imparts instability to the elastic layer ͑high m in the curve 1͒ and the wavelengths of such instabilities are relatively small ͑low m in the curve 1͒. The shear modulus ͑10 3 Pa͒ of the elastic film in the curve 1 indicates that polymer gels with thickness of ϳ10 nm can rapidly break up under the influence of strong intermolecular force because of ⌬g 3 . With the increase in H r , as the force because of ⌬g 3 becomes weaker, the system shows a smaller degree of instability ͑ m decreases͒. At some intermediate H r , m displays a minimum, where the force because of ⌬g 3 becomes weaker and the force because of ⌬g 1 becomes dominant to drive the instability. With further increase in H r , the increased compliancy in the elastic layer increases instability in the bilayer ͑ m increases͒. In contrast to the bilayers with soft elastic films, the bilayers with hard elastic films ͓curve 2 in the Fig. 5͑c͔͒ are more stable ͑low m ͒ at low H r because the increase in G 2 imparts extra stability to the elastic film. However, with progressive increase in H r , the elastic layer becomes more compliant and the system shows a higher degree of instability ͑high m ͒. The curve 2 in the Fig.  5͑d͒ shows that m also progressively decay with the increase in H r . However, at high H r , a progressive increase in m ͑decrease in m ͒ with h 30 is observed. For bilayers with thick and hard elastic film ͑high H r ͒ at the top, the energy penalties for the deformations at the interfaces involving very short ͑ m Ӷ h 30 ͒ or very long ͑ m ӷ h 30 ͒ wave are extremely large. Therefore, with increase in H r , m is always increased and adjusted to an intermediate wavelength domain ͑not too short or long͒ corresponding to the interfacial configuration for which the overall change in strain energy of the elastic film touches a minimum. 63 In Fig. 6 , the sensitivity of m on G 2 and h 10 is shown. Figure 6͑a͒ shows the variation of m with h 30 where the solid and the broken lines are for different h 10 . Curves 1 and 2 ͑or the curves 3 and 4͒ show that when the intermolecular force because of ⌬g 1 is constant, the bilayers with softer elastic films show a much shorter m . In addition, curves 1 and 3 ͑or curves 2 and 4͒ show that when the elastic film is hard, a stronger intermolecular force because of ⌬g 1 leads to significant reduction of m . In Fig. 6͑b͒ , we show the variation of m / h 30 with h 30 . Curves 1 and 2 in Fig. 6͑b͒ show that when the elastic films are hard and thin, m / h 30 ϳ 80h 30 and with increase in h 30 , it decays to ϳ20h 30 . In contrast, curves 3 and 4 in Fig. 6͑d͒ shows that bilayers with softer elastic films can lead to m / h 30 ϳ 1 when the elastic film thickness is Ͼ0.3 m ͑curve 4͒. The results shown in Fig. 6 are interesting because it shows that the length scale of instability in the free bilayers can be reduced much below the film thickness by strengthening the destabilizing forces and reducing the elastic resistance, which opens up the possibility of further miniaturization of equilibrium patterns using these layered systems. Figure 7 shows the variation of r with H r . In the free bilayers with soft elastic films ͑curve 1͒, the deformation at the elastic-viscous interface is always higher ͉͑ r ͉ Ӷ 1͒ because the resistance from the capillary forces is smaller ͑␥ 21 Ͻ ␥ 2 ͒. At low H r , the interfaces deform in squeezing mode ͑ r Ͻ 0͒; otherwise, the bending mode prevails. Free bilayers with less compliant elastic films ͑curves 2 and 3͒ always deform in bending mode ͑ r Ͼ 0͒. At high H r , deformation at the elastic-viscous interface is high ͉͑ r ͉ Ͻ 1͒, whereas at low H r , as the compliancy of the elastic film reduces, almost equal deformations ͉͑ r ͉ϳ1͒ at the interfaces are observed. The bilayer with hard elastic films ͑curve 4͒ always deforms in bending mode ͑ r Ͼ 0͒ with equal amplitude at the interfaces ͉͑ r ͉ϳ1͒. The results shown in Fig. 7 clearly infer that the free bilayers with less compliant elastic films are ideal candidates for transfer of patterns from the elastic-viscous interface to the elastic-air interface.
Case 2: Unstable elastic and stable viscous films
"A 1 < 0 and A 3 > 0…
In this case, attractive intermolecular forces because of ⌬g 3 ͑A 3 Ͼ 0͒ promote instability in the elastic layer and the repulsive intermolecular forces because of ⌬g 1 imparts stability to the liquid film. Figure 8 summarizes the LSA results for this case. It essentially shows that the intermolecular forces because of ⌬g 3 can easily destabilize the soft polymer gels ͑Ͻ10
4 Pa͒ when the films are thin ͑Ͻ10 nm͒. Figure  8͑a͒ shows that vs k plots in this case are bimodal in nature and with increase in h 10 for a fixed h 30 , the dominant mode of instability shifts from longer to shorter wavelength region. At small H r , a thin elastic film is unstable under the influence of a strong attractive force because of ⌬g 3 . Smaller capillary resistance at the elastic-viscous interface ͑␥ 2 Ͼ ␥ 21 ͒ causes the dominant mode of instability to stay there and m remains shorter ͓curve 4 in Fig. 8͑a͒ and broken lines in Fig.  8͑b͔͒ . With progressive reduction in increase in h 10 ͑increas-ing H r ͒, the strength of the repulsive force arising from ⌬g 1 increases and the elastic-viscous interface becomes less deformable ͓ m decreases in Fig. 8͑b͔͒ . At high H r , the strong stabilizing force arising from ⌬g 1 restricts the deformation of the elastic-viscous interface and, thus, the dominant mode of instability shifts to the elastic-air interface. Consequently, m becomes larger ͓curve 1 in Fig. 8͑a͒ and solid show that with increase in h 30 ͑increasing H r ͒, the destabilizing force because of ⌬g 3 becomes weaker and at high H r , the strong restoring force in the elastic film completely stabilizes the system. The switching of the dominant mode of instability from one interface to the other can be more distinctly shown through r vs H r in plot in Fig. 9 . It shows that at low H r , the elastic-viscous interface deforms more ͉͑ r ͉ Ӷ 1͒ and the interfaces deform in squeezing mode ͑ r Ͻ 0͒. However, at high H r , r Ͼ 1 indicates that the instability evolves in bending mode and deformation is more at the elastic-air interface.
V. CONCLUSIONS
In addition to analyzing the length scale and dynamics of instabilities in bilayers composed of a soft elastic layer and a viscous layer, we show several strategies for the control and miniaturization of instability patterns in these bilayers. Two cases of bilayers are considered-a bilayer confined between two rigid surfaces and a free bilayer with two deformable interfaces. Given below is a summary of some physical insights regarding the pattern control based on the LSA pursued here.
The major conclusions for the confined bilayers can be summarized as follows. The instabilities in the confined bilayer can be initiated in two different ways: ͑A͒ A rigid contactor is increasingly brought closer to the elastic surface in a viscous medium until the onset of instability, which happens when the intersurface attraction overcomes the restoring elastic and surface tension forces. ͑B͒ A very thin solid polymer top coat is first applied to a soft elastomeric film, such that the bilayer configuration is highly unstable from the beginning, and then the amorphous polymer coat is melted to obtain the instability pattern. The previous theory 58, [60] [61] [62] and experiments [63] [64] [65] of the elastic instability for a single layer show that the maximum pattern length scale, thus, obtained remains unchanged during the entire further cycle of greater adhesion and debonding because of this state being a local metaunstable state. However, further pattern miniaturization becomes possible by using an elasticviscous bilayer because of two reasons: ͑A͒ The presence of an intercalated viscous film greatly reduces the strength of the stabilizing surface tension force because polymerpolymer interfacial tension is at least one order smaller than the surface tension. This aspect is especially effective in markedly reducing the length scale for the thinner ͑Ͻ0.5 m͒ elastic films that are required for nanopatterning applications. ͑B͒ When the initial configuration of the bilayer prepared is such that the intersurface attractive force is much stronger than the stabilizing forces, the wavelength of the instability can be made shorter and precisely controlled by changing the viscous film thickness ͑intersurface interactions͒ and other material properties. The wavelength of instability in this configuration can be reduced by increasing the compliancy of the elastic film and strengthening the intersurface force. This not only opens up the possibilities of the miniaturization of structures using the confined bilayers but also the number of system variables to control the length scale of instability ͑e.g. film thicknesses, shear modulus of the elastic film, interfacial tension͒ are increased compared to the systems where the viscous film is absent.
The major conclusions obtained for the free bilayer are summarized below.
͑a͒ The length and time scale of instability in the free bilayer is also a function of the intermolecular interaction and material properties. Therefore, by increasing the strength of the destabilizing intermolecular forces and reducing the elastic resistance of the elastic film, instabilities with shorter feature size can be achieved. This also opens up the possibility of miniaturization of instability patterns. ͑b͒ Soft and thin elastic films, for example, polymer gels or biological membranes, floating on a viscous film and having a free bilayer configuration can rapidly break up under the influence of strong and destabilizing intermolecular force. ͑c͒ Soft and thin elastic films at the top show the possibility of both squeezing and bending modes of instability with unequal deformation at the interfaces, whereas hard and thin elastic films at the top show only bending mode of instability with similar amplitude of deformations at the interfaces. Thus, free bilayers can be not only useful in the generation of patterns for a wide range of length scales including smaller feature size than that of the simpler systems studied, thus far, but also has the potential to transfer the pattern from the exposed surface to a buried interface.
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APPENDIX: THE DISPERSION RELATIONS
The dispersion relation for the free bilayer, 
